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Abstract. The concept of quasi-semi-direct products is explored in order to construct
quasi-symmetry groups generated by the double point groups. The minor quasi-symmetry
groups so obtained are associated with the irreducible representations of the generator
groups using the ideas of little groups and their allowable irreducible representations. The
double point groups C4 and D; are illustrated, and the results are tabulated.

1. Introduction

Tavger and Zaitsev (1956) and Bhagavantam and Pantulu (1964) derived the 58
magnetic point groups, and their association with the 58 distinct one-dimensional
alternating representations of the crystallographic single point groups, using represen-
tation theory, was accomplished by Indenbom (1959), Niggli and Wondratschek
(1960), Bertaut (1968) and Krishnamurty and Gopalakrishnamurty (1969). The
introduction of anti-symmetry and-its interpretation as two-colour symmetry (Shub-
nikov 1951) has led to the idea of polychromatic symmetry (Belov and Tarkhova 1956,
Indenbom et al 1960). Zamorzaev (1967) introduced the concept of quasi-symmetry
(P-symmetry) and brought all the earlier generalisations of anti-symmetry and colour
symmetry, including crypto-symmetry (Niggli and Wondratschek 1960), into its fold.
Krishnamurty et al (1978a) developed an alternative method of obtaining the quasi-
symmetry (P-symmetry) groups using the concept of semi-direct products. These
authors also described a new method of associating the minor quasi-symmetry groups
with the irreducible representations (IRs) of the generator groups using the ideas of little
groups and their allowable irreducible representations (AIRs), which are different from
those of Niggli and Wondratschek (1960). The quasi-symmetry groups generated by
single point groups are available in the literature, though they are not always termed
quasi-symmetry groups. For example, they are tabulated as crypto-symmetry groups
by Niggli and Wondratschek (1960}, and some of them appeared in the literature as
magnetic point groups (or magnetic variants) of single point groups.

When a system has integral angular momentum, its symmetry group is SO(3) or a
subgroup of it. However, spinor wavefunctions of particles with half-odd integral spin
angular momenta are multiplied by —1 after a rotation through 27, and return to their
original values only after a rotation through 4. This means, in the language of group
theory, that the symmetry of the wavefunction is governed by the 1IRs of the cor-
responding double group rather than those of the original symmetry group. Rudra and
Sikdar (1977) have tabulated the Clebsch-~Gordan coefficients of the magnetic double
point groups which have wider applications. Recently, for double point groups,
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Krishnamurty e al (1978b) have developed a method of constructing polychromatic
groups (with R,, n =3, 4, 6, 8 or 12} by considering subgroups of various indices and
associating them with the one-dimensional complex representations of the generating
double point groups, using the representation theory. These magnetic double point
groups and polychromatic groups generated by double point groups are nothing but
quasi-symmetry groups with double point groups as their generators. One can easily
see that the isodynamic groups introduced by Altmann (1967) in the discussion on the
symmetries of non-rigid molecules are also quasi-symmetry groups. While discussing
the symmetry of the dimethylacetylene molecule, where the internal rotation is
effectively free, Altmann (1967) has explicitly shown the necessity of introducing the
double group of the isodynamic group (€3) instead of the isodynamic group €3. Thus
the quasi-symmetry groups generated by the double point groups are of physical
interest.

In the present paper, a general method of constructing quasi-symmetry groups as
quasi-semi-direct products (Shubnikov and Koptsik 1974) is presented. Instead of
using the semi-direct product, as was done in our earlier paper (Krishnamurty et al
1978a), we have used the quasi-semi-direct product in the construction, since none of
the crystallographic double point groups can be expressed as the semi-direct product of
two of its subgroups, except the double point group C;. Table 1 gives the 32
crystallographic double point groups as quasi-semi-direct products. The minor quasi-
symmetry groups (Zamorzaev 1967) generated by the 32 crystallographic double point
groups are associated with the IRs of these crystallographic double point groups using
the ideas of little groups and their AIRs, as was done in Krishnamurty et al (1978a). As
the quasi-symmetry groups which we have constructed and associated with the various
IRs of the crystallographic double point groups are quite new and are not available in the
literature as far as we know, we have given an extensive tabulation of the same in the
present paper.

The definitions of quasi-product, minor, intermediate and major quasi-symmetry
groups are given in § 2 for the sake of completeness. In § 3 the minor quasi-symmetry

Table 1. Double point groups as quasi-semi-direct products.

Double point group G as

Double point Normal subgroup quasi-semi-direct product
group G H G=H-G (mod H)
Dz Cz Dz = C2°D2 (mod Cz)
C4 C2 C4 = C2°C4 (mod C2)
D3 C3 D3 = C3°D3 (mod Cg)
Dy C4 D4 = C4° D4 (mod C4)
D2 D4 = D2°D4 (mod Dz)
D6 D3 D6=D3°D6 (mod D3)
C5 D5 = C6°D6 (mod C5)
T D2 T=D2°T (mod Dg)
O T O0=T-0 (mod T)
D, 0 =D3,00 {mod D,)

The double point groups Csy, S4, Cavs Cavs D24, Covs Dan, Ta are omitted because they are
isomorphic with those of the groups given above and hence can be easily dealt with. The
groups Day, Diag, Dan, Can, Den, Ty On are also omitted since they can be written as the
direct product of those of the groups given above with the double group C;, and hence they
too can be easily disposed of.
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groups obtained are associated with the 1Rs of the generating double point groups using
the ideas of little groups and their AIRs. The notation for the considered quasi-semi-
direct product is adopted from Shubnikov and Koptsik (1974), and the nomenclature
for the 1rs of the crystallographic double point groups is mostly that of Bradley and
Cracknell (1972).

2. Construction of quasi-symmetry groups as quasi-semi-direct products

Let H be any subgroup of a group G, and let
G =Hg,UHg,u...uHg, (1)

be a decomposition of G into distinct cosets of H. Then G is called an extension of H,
and g1, g2, . - . , &s are called coset representatives. g; = k; = ¢, the identity element for
G. In addition let H be a normal subgroup of G, and let k1, hs, . . ., h,, be the elements
comprising H. If we introduce in the set {gi, g2,..., g} the law of reduced multi-
plication

gjgl = h]’l,ngn = 8n (mOd hjl,n)’ hjl,n = hl; h2’ oy hm € H, gn € {81, 82000y gs},

then the set {g1, g2, . . ., g} is & group by modulus and is denoted as G(mod H). Since
the laws of multiplication in G and G(mod H) are different, in general, the group
G(mod H) is not a subgroup of G. In particular, if all A;, = 4, = e, then the group
G(mod H)is asubgroupof G.If H n G(mod H) = h; = g; = ¢ € G, then an extension G
of H may be constructed as the ‘product’ of the groups H and G{mod H) if we carry out

pairwise combination of all the elements 4y, Ay, ..., h,€ H with the elements
€1, 82, ..., & € G(mod H) and unite the results so obtained:
G ={h1gl9 sy hmgl, h1g2’ ce ey hmg29 ey hlgS’ veey hmgs}' (2)

Since G{(mod H) is not necessarily a subgroup of G, the extension (2) is called a
‘quasi-product’ (Shubnikov and Koptsik 1974), and we write the quasi-semi-direct
product as G =H-G(mod H). The difference between the ordinary semi-direct
product and quasi-semi-direct product is that in the former the second factor in the
product is a subgroup of G, whereas in the latter it need not be.

The following fundamental quasi-symmetry theorem of Zamorzaev (1967) can be
taken as defining the concepts of minor, major and intermediate quasi-symmetry
groups.

Any group G of full P-symmetry is derivable from its generator S by the following
steps: (i) search for normal subgroups, H and Q, of the groups § and P such that
S/H = P/Q); (ii) carry out pairwise multiplication of sH and pQ, the corresponding
classes with respect to the isomorphism; and (iii) combine the resulting products. This
method gives the major, minor and intermediate quasi-symmetry groups generated by
S corresponding to the following cases respectively: (a) Q=P (when H=8); (b)) Q =¢
(when S/H = P); (¢) Q is a non-trivial normal subgroup of P.

In the case of construction of quasi-symmetry groups with the help of quasi-semi-
direct products, we find that all the results cited and proved in § 2 of Krishnamurty et al
(1978a) hold good for the quasi-semi-direct products also. One has simply to replace
the groups S, T and §’, T’ by H, G(mod H) and H', G'(mod H) respectively, and the
corresponding semi-direct product by the quasi-semi-direct product. For example,
Krishnamurty et al (1978a) have proved that if G=SA T, and if §' and T’ are two
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quasi-symmetry groups with S and T as generators respectively, and if G'=8"A T,
then G'is a quasi-symmetry group with G as generator. Now in a similar fashion we can
prove that, if G is the quasi-semi-direct product of two groups H and G(mod H), i.e.
G = HoG(mod H), and if H' and G'(mod H) are two quasi-symmetry groups with H
and G(mod H) as generators respectively, and if G'= H'-G'(mod H), then G' is a
quasi-symmetry group with G as generator. For the sake of brevity we avoid the
statements and proofs of all the results which one can have analogous to those given in
§ 2 of Krishnamurty et al (1978a).

3. Association of the minor quasi-symmetry groups with the 1rs of the double
point groups

In this section, construction of the minor quasi-symmetry groups is accomplished using
the concept of quasi-semi-direct products, and association of the minor groups so
obtained with the IRs of the generator groups is completed using the ideas of little
groups and their AIRs (Krishnamurty et al 1978a). For non-degenerate IRs the group C,
and for degenerate IRs the group D; are illustrated. The results obtained for all the 1rRs
of the double point groups are given in tables 2 and 3.

Table 2. Quasi-symmetry minor groups associated with the non-degenerate IRs of the
double point groups.

Double Chosen
point Little normal Quasi-symmetry minor
group Non-degenerate group subgroup group associated with
G IRTof G L H the IR of G
(1) (2) (3) (4) (5)
C A C ¢ Ci=C;oC?® (mod C))
C A, o C, ICl=C1oC® (mod Cy)
A, o ct 2Cl=C¥eC® (mod CY)
Ay G CF* 3¢!=C¥*C? (mod CF*)
C, B C, (o} Ch=C;oC% (mod C,)
1E, ZE C2 C1 C(24)=61°C(24) (mod él)
Cin A" Cin C Cip=C;°C§} (mod Cy)
'E, ’E Cin oh Cit = C;°C{}) (mod 1)
Caon B, Can G Chy=CioCH) (mod C)
Biu Con C, 2C/2h = c2°C(22h) (mod C,)
Ba. Can Cin 3Chn=C14°Csy (mod Cyy)
'E,, °E, Can ct 'CS = CoChy (mod C¥)
'Ey, ’Ey Con CH* 2CH =CT*oCH) (mod C¥)
D, Bi, B;, Bs D, C, D4 =C,°D¥ (mod Cy)
Ca. B, B; Ca Cin 'C5,=Cin°C% (mod Cyp)
A, Cay C; ’Chy=C2°C%) (mod C;)
Da, A, Dz D, 'Dj, =D;°D%} (mod D,)
Big, B2g, Bag Doy Con ’Dip = CapoDE, (mod Cyp)
B3y, Bayw, Biu Dan Cav sDéh = c2V°D(22h) (mod Cyv)
C, B C. C, Cli=CyoCP (mod C,)
'E, ’E Ca C, C{ =CoCY (mod Cy)
IEh 2E1; léz, 2P_32 C. cl Cfs&: (.:1°C538) (mod él)
S4 B S, C, S5 =C,08% (mod Cy)
'E,’E S, C, $¥ =084 (mod C,)
11—51, 21—31; 11—527 2]-52 S4 él 5518)=é1°538) (mod 61)
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Double Chosen
point Little normal Quasi-symmetry minor
group Non-degenerate group subgroup group associated with
G IR of G L H the IRT of G
(n (2) (3) (4) (5)
Can A, Cun Cs ;cah = c4°c22h’2 (mod Cy)
B, Cian Con Cin=Cap°CH) (mod Cyp)
B, Can S, f%ﬁ sAoc%}’) (mod S.)
'E,, C G C{ = CioCY (mod C;
' E 'E c4h o 1c?8h’ = C|*°C4P8)((mod c)*)
lg, 1gs 2g» 4h 1 4h 1 4h 1
Ezg
Elu, 2B 'Eaus Can CH* CE =Cr*eCP) (mod CFY)
EZu
'E,, ’Ey Can Cin 2CiR = CipeCly) (mod Ciy)
Cs A Cs Cs Ci=Cs0 c<2>3 (mod C3)
'E,’E Cs o c‘f’ =C;°C§ (mod C)
'E,2E C, ¢, D¢, c“) (mod C))
Cs A, Cy Gs C3. =Cse C(Z) (mod GCs)
f_\g Cs; (_:i. zcsx = C31°C31 (mod Csl)
A, Cs C5 Céx = C (mOd CSI)
'E,, ’E, Cs; ok cf = c*ac“" {mod C¥)
'Es, ’E, Cs, o cd-c. c”’ (mod C))
'E,, °E. Csi ol Zc“” c**oc“” {mod C*)
'Ew. ’E, Cs; c, c“” Cie (;6) (mod Cy)
D3 A_z _ D3 93 D3 = C9°D3 (mod Cé)
'E,’E D ¢, DY = c3oD‘;> (mod &)
Csy A_z Cay (_:3 Ci, = C3°C (mod Cs)
'E, 2E Ciav <, 1c““ = c3oc““ (mod &)
Dig Aqy Digy D; 2D3d = D3°D 2) (mod D3)
As, Dig4 Cy 3D'3d = C3i°D(3d (mod Cs;)
{’*_2.1 9= D3y g3v Daf = C3V°D3d (mod Cav)
I_-:‘g; E'g D3d 931 gd) = C31°D (mOd C3I)
'Ey *E, Diq C¥ =C} D “" 4 (mod C})
C6 B C5 C3 C6 = C3°C (mod C )
151, 2E1 Cs c¥ C§ : —c*oc? {mod C¥)
Ez ’E; Cs G Ce'=Cy°Cq” (mod Cy)
ELCE Cs G C’=Cy0CeY (mod &5)
‘Ezz,_ZEz; Es, Cs ol CeP=C;oCY? (mod Cy)
E,
Csn A" Can C; Cip= Ci"csh (mod Cj)
'E', 2E Can ch, c?g =C¥,C§) (mod C¥,
II_E": 2}§tr c3h gl C( _Cloc(& (mod gl)
'Ey, 2By Csn & c3h =C;¢C4) (mod Cy)
'E,, ’E,; 'E, Csn el Ci? =C,oCH? (mod Cy)
22
Es
Cen A, Cén Cs 1Con= céec(s%‘;;mod Cs)
B, Cén Cs; 3C,6h = C3i°c(6}2|)(m0d Cs)
1Bu ) Con Can Céh = C3h°c(6h (mod Cjy,)
Ei, ‘E C C C&) = CpnoCY) (mod C
l_lg 2_lg 6h .Zfl T 6h 2h h ( 2h)
E1g. Elg Cén Cs; Céh = C31°C6h (mod C31)
1§22, 21§2g ) Céh Ci lC(5) _ C C(6) (mod C)
Esg *Esg ‘Bz Con ct C‘”) = C*ocm’ (mod C¥)
3g
| O Cen ci ’C& =C¥oC§) (mod C¥)
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Table 2-—continued

Double Chosen

point Little normal Quasi-symmetry minor

group Non-degenerate group subgroup group associated with

G IRTof G L H thelIRT of G

¢)) 2) (3) 4) (5)

Con Elu’ Elu Con Cﬁ‘, ZC{;}? = C31°Cm (mod Cé‘i)
"z, E2u Cén Ch *Cep =CHyoChh (mod CHy)
rzzu, ’E2ei 'BEaw Cen cH* o = c?*océ‘ﬁ) (mod CT*)

E3u
Ds A, D, Ca 'D4=CsoD{ (mod Cy)
B, B, D, D, D, =D,DY (mod D)
Cay A, Ca Cq 'Cly = C4oC (mod Cy)
B, By Cav Ca 2Cly = CpyoCy) (mod Cay)
Dag A Dag S4 ID,Zd = S4°D(22d) (mod S,)
B, Dz D, 2D5d= DzoD?& (mod D;)
B, Doy Cyy D?d = (-'2v°D2d (mod C,,)
D A Dy, D, DAh D4°D‘2) {mod Do)
Ay Dun Cun D4h = C4h°D4h (mod Cyp)
By, By Dan D 3D[3h = Dzh"Dfszh) (mod Day,)
Az Dun Cav 4D:1h = C4v°D£12h) (mod C,.)
Biu Bau Dan Daq 5D,4h = D2d°D(42h) (mod Dag)
Ds A, D¢ Ce Di=CsoDP (mod Cg)
By, B, De Dy Di=D;3oDE (mod D)
Cev A, Cey Cs 'Cy = Ce°CE) (mod Ce)
By, B; Cev Cay 2C’6v = C3v°c(62v) (mod Cs,)
D A D Csn 'D5n=CsneDSy (mod Csp)
i Ds,  Ds ’D3y =D3°DSy (mod D3)
Az Dsn  GCa *Dj, = C3,°Dy (mod Cs,)
De¢n Asg Den Cen lDéh = C6h°D(62h) {mod Cgp)
By, Bz Dén Dig D6h = D3d°D6h (mod D3q4)
Axy D¢y D¢ 3D6h = D6°D6h (mod D¢)
Agy Dg¢n Cov D6h = wa"Dah (mod Cé.)
B, B Dy D *Din = Dano D¢l (mod Dyp)

T 'E,’E T D, T = Dzo(;l;“) {mod D,)

T A, Ty T Ti=T-T¥ (mod T)

Eq, ’E, Ty Dy Ty, =Dy ° T (mod Day)
E. ’E. Ty D> T =D, T (mod D,)

o) A, 'e) T o= Teo‘2> (mod T)

T4 A, Ts T T4=TTS (mod T)

On Aty Op o O} = <” {mod O)

Az, O, Ty 14 -—Tth 2 (mod Ty)
Az On Ta O} =Ty°0y (mod Ty)

In column (4) the symbol (~) on the normal subgroup H (which coincides with the kernel
associated with the IR T of G) indicates that it is a double point group isomorphic with the
corresponding point group. For example, C1 denotes a double point group with the element
{E} isomorphic to the point group C;, and C3 a double point group thh elements E, C3 and
C5 which is isomorphic to the point group Cs. Similarly the symbols (Yand (*) on the group
indicate a double point group isomorphic with the corresponding point group in some
non-standard setting. For example, C%:E, €3, C3, I, ICI, IC5 is a double group
isomorphic to a non-standard setting of the point group Cs;. Similarly the symbol (*) on the
group denotes some non-standard setting of the corresponding double point group. For
example C¥ is a double point group with the elements E and I, which is isomorphic with the
double point group C;. Similarly CI* is a double point group with the elements E and T
isomorphic with the double point group C,.
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Table 2—continued

In column (5) the symbol (') on the group G denotes a minor quasi-symmetry group (in
particular a magnetic double point group) associated with the one-dimensional alternating
IR T of G with P, as the permutation group. For example, C5 denotes a minor quasi-
symmetry group associated with the one-dimensional alternating IR B of C, (which is a
magnetic double point group). The number n placed in brackets on the group G indicates a
minor quasi-symmetry group (in particular a polychromatic double point group) associated
with the one-dimensional complex IR I" of G whose underlying permutation group is P,,. For
example, C¥® indicates a minor quasi-symmetry group associated with the IR ‘D, of C¢ with
Ps as the permutation group.

Table 3. Quasi-symmetry minor groups associated with the degenerate IRs of the double
point groups

Double
point Little Minor quasi-symmetry group
group Degenerate group associated with
G IRTof G L AIR of L the IRT of G
(1 ) 3) (4) (5)
D, E C, 'E D4 =CiPeD{¥ (mod C,)
Cay E C, 'E C5,=C45+CT) (mod Cy)
Doy E, Can 'E, 'D3p='CSpeD%; (mod Cap)
E, Can 'E, ’D4n=2C5DE) (mod Cyy)
D, E Cs 'E 'D4=C DY (mod Cs)
E, Cs 'E D4 =CPDP (mod Cy)
Cs, E Cs 'E 'C4, = CPCY (mod Cy)
E, Cs 'E ’C4,=CL=CY) (mod C3)
Dsq E, Csi 'Eq 'Djq=C5°DE (mod Cy)
E, Csi 'E, ’Dfq=3C5eD5) (mod Ca;)
E, Csi 'E, *Da='C{ <DL (mod Cy)
E. Csi ‘E, *D%4=2C5*DY (mod Cs)
D. E Cs ‘E pi=CPDP (mod Cy)
E, E, C, 'Ey, 'E, ps=CPDP (mod Cy)
Cay E Cs 'E 'Chy=CoCE) (mod Cy)
E, E; Cq 'Ey, 'E, ’Ch=CP-CP (mod Cu)
Dy E S, 'E 'Djq=85"2D5) (mod S)
E, E, Ss 'Ey,'E, D3y =88 DF (mod S.)
Dy, E, Can 'E, 'Din=Ciy° DY (mod Cap)
E, Can 'E, Dl =2Ci D (mod Cap)
Elg’ EZg Can 11::15, lﬁig 3DZh = IC‘(tsh)"thzh) (mod C,;,)
Elua EZu Can 1E1u; 1E2u 4DZh = ZCQB}?"DE&) (mod Cy3)
Ds E, Cs 'E, 'D2=C®DP (mod Ce)
E; Ce 'E, D2=CP-DP (mod Cg)
E, E, Cs 'E,, 'E, p2=Cd?DP (mod Cq)
E, Ce 'E, ‘Di=CPDP (mod Cq)
Cev E, Cs 'E, 'Ce,=CECE) (mod C)
E, Cs 'E, *Céy=C¢P=C&) (mod Cg)
E; Cs 'E, 3ce, =C§-C&) (mod Cs)
E.E, Cs 'E;, 'Es “Cé,=C¢PeCg (mod Cg)
Dss E" Can ‘B’ "Dy =C5peD3y (mod Cay)
E' Can 1EI1 2Dgh = Cgsh)°D§2h) (mod Csy)
Es Csn 1E1 3D§/h = C;‘Q"Dg‘;‘) (mod Csy)
E, E; Csn 'E,, 'Es “Dip=C5y o D5y (mod Cap),
Den Ex Cen 'Er, 'Dén=Cé°Dé (mod Cep)

Es, Con E,, ’Déy="CiRDE, (mod Cgp)
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Table 3—continued

Double

point Little Minor quasi-symmetry group

group Degenerate group associated with

G IR of G L AIR of L the IRT"of G

(1) (2) (3) 4) (5)

D Ey, Cen 'Eze Dén= 'CneDéy (mod Cen)
Ea Cen 1Em Dgh D(G)"D(szh) (mod Cep)
Ei Cen "Esu *Dén= c“"ng%} (mod Cey)
Elg, Ezg Céh 1E2g, 1E3g 6D” C 12)°I) 2},) (mod Céh)
ESu Cén 1E1u 7Dg CM) (mod Cen)
Elus EZu Cen lf‘:zu, 1I_33u SD” = C(12)°D(2) (mod Cegp)

T E, 'F,°F D, E T'=Dje T“) {mod D,)
T D, B, T"=D45 T (mod D,)

Th E,, 'F,, °F, D E, Tg’h Dghon {(mod Dyy,)
E,, 'E., °F, Da E. 2D” oT{> (mod Dyy)
T, Dap B, T”’ D4y TH (mod Do)
T, Don Ba T”’ 3DhyoTH (mod Dyy)

0 E T B 0= T‘” om {mod T)
Ey, E, T E 20" =T"-0 (mod T)
Ty, T, T T 0" =T"-0® (mod T)
F T 'E,F 0" =T"0% (mod T)

Tq E T 'E 5 =T®T? (mod T)
E., E, T E Th=T"TY (mod T)
Ty, Ty T T Ty = T”’o’I‘m (mod T)
E T 'F, ’F T’”’ T”oT(Z) (mod T)

Oy E, Th 'E, oy, ‘”eo‘” (mod Ty)
Ey,, Eop T E, o” T”oo‘” (mod Ty)
Tyg Tag Th T, o;,” =T/ o‘2> (mod Ty)
E, Ty 'F,, °F, oy = T”oo(2> {(mod Ty)
E. Ty 'E. 01 = T“)oo‘” (mod Ty)
E1u, Enu Th E. “o" 2T" om (mod Ty)
Tiu Tou T, T, 20"’ ZT’”OO(Z) {mod Ty)
f;u Th 1}‘:[“ 2}‘:u 2011// ﬁ°0(2) (mod Th)

In column (5) the number of primes (') on the group G denotes a minor quasi-symmetry
group associated with the degenerate IR I" of G whose dimension is given by that number.
For example D3 is a minor quasi-symmetry group associated with the two-dimensional IR E
of the double point group D». Similarly T" is a minor quasi-symmetry group associated with
the three-dimensional IR T of the double point group T.

In the case of non-degenerate IRs, we have seen that the little groups L always
coincide with the group G itself, and the kernels (K) coincide with the chosen normal
subgroup H. Since the IRs of the factor group L/ K = G/H engender those of the IRs of
the same nature of G, the selection of a proper normal subgroup H facilitates the
required IR of G which is to be engendered. In table 2 we give the appropriate normal
subgroup H (which is in particular the kernel in the process of engendering) associated
with the IR T of G and for which we associate the minor quasi-symmetry group.

Table 1 gives the double point group G as the quasi-semi-direct product. From
table 1 C4, = Co2Cq4(mod C,). The group C4 = C,°CP(mod C,) can be seen to be a minor
quasi-symmetry group with the double group C, as the generator, since C, is a
major/minor group with C, as generator, and C?(mod C,) is a minor quasi-symmetry
group isomorphic with C4(mod C,) with Q = [,(1 2). Since the kernel associated with
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the group C, is C;, and since the alternating IR of C4/C, engenders the 1r B of C,, we
associate C}y = C,o C¥’(mod C,) with the IR B of C4. Similarly C§’ = C;°C(mod C,)is
a minor quasi-symmetry group with C, as the generator. Since the one-dimensional
complex IRs of the factor group C;/C; engender the 1rs 'E and *E of C,, we associate
C% with 'E of C,.

As an example of degenerate 1Rs, we consider the double point group D;. From
table 1 D3 = C3°D3s(mod C3). The group 'Dj = CY+DP(mod C;) can be seen to be a
minor quasi-symmetry group with D as the generator and with P; as the group of
permutations, since CY and D¥(mod Cs) are minor quasi-symmetry groups with C;
and Ds;(mod C;) as generators respectively, and since D3 = CP D (mod C3). From
table 2 C$ is a quasi-symmetry minor group associated with the 1R 'E of Cs. The group
D(32)(m0d Cs) is also a minor group isomorphic with the group Ds(mod Cj). Since CYis
associated with 'E of Cs, which induces the IR E of D3, we associate 'D} with the 1R E of
D3. Similarly D% = C5’sD{’(mod C;) is also a minor quasi-symmetry group with D as
the generator and with P as the group of permutations of order 6 and on 6 symbols. The
group CY is a minor qu'lsi symmetry group associated with the IR 'E of C; (table 2).
Also the group DY (mod C;) is a minor quasx symmetry group 1somorph1c with
Ds(mod C;). Since C¥’ is associated with 'E of Cs, and since this E of C; in turn
induces the two-dimensional 1R E of D3, we associate the minor group D} with the spin
iR E of Ds.

In this way we can associate minor groups with all the 1rs of the double point groups.
Following the definition of equivalence of any two colour groups (Niggli and Wondrat-
schek 1960, Bradley and Cracknell 1972), we see that some of the minor groups
associated with various IRs of G are equivalent, and hence only 64 minor groups with
the one-dimensional alternating, 41 minor groups with the one-dimensional complex,
53 minor groups with the distinct two-dimensional, 7 minor groups with the distinct
three-dimensional, and 4 minor groups with the four-dimensional 1rs can be associated
for these 32 double point groups.

4. Discussion

The 64 magnetic double point groups, which are obtained as quasi-semi-direct products
and associated with the 64 distinct one-dimensional alternating IrRs as the quasi-
symmetry minor groups, have physical significance (Rudra and Sikdar 1977).

An example of the physical applications of the quasi-symmetry groups is that of
magnetic symmetry (Naish 1963, Zamorzaev 1967). In describing the magnetic
symmetry of screw (helicoidal) and spiral structures, where the traditional magnetic
groups are not suitable, these quasi-symmetry (multiplicative) groups may be of some
use (Zamorzaev 1967).

It was verified in the case of double point groups also that, when a set of 1rs was
induced by a single AIR, the quasi-symmetry minor groups associated with those Irs
were isomorphic (Niggli and Wondratschek 1960, Krishnamurty et al 1978a). For
example, the two-dimensional IR E of D5 induces the three two-dimensional IRs I:Z, 'F
and °F of T, and hence the minor quasi-symmetry groups associated with those three irs
are mutually isomorphic. This fact that a single minor group can be associated with
these three IRs is also justified from the concept of kernels (Niggli and Wondratschek
1960). The kernel (associated) for these three 1rs E, 'F, °F of T is the same, and can be
easily seen to be {E}. Alsofrom the fundamental quasi-symmetry theorem (Zamorzaev
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1967) the group T has only three normal subgroups D,, C; and {E}, and hence only
three minor groups can be obtained for T. The minor group with D, as the normal
subgroup is associated with 'E and “E; that with C; with T, and hence that with {E} is to
be associated with the remaining 1rs E, 'F and °F.

It was observed that, when we drop all those elements of the quasi-symmetry minor
groups associated with the normal single-valued 1rs of the double point groups whose
symmetry part is of the form R, we obtain the corresponding quasi-symmetry minor
groups derived earlier for the corresponding point groups (Krishnamurty et al 1978a).
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